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L >> a (a is a monomer size), the system displays ( d  - 1)-di- 
mensional properties (a "dimensional reduction"), and expan- 
sions about a d-dimensional reference state are inappropriate. 
These difficulties manifest themselves in renormalization 
group calculations having first-order (in the excluded volume) 
corrections to many quantities which become much larger than 
zeroth-order contributions in the (R2)2I2 >> L regime. The 
mathematical origin of this effect is that, as (R2)'iZ - O(L),  
the normal end-vector distribution scales as G,(R/L) rather 
than G,(R/(R2)i~2). See Dolan and Edwards3 for a relevant 
discussion. An effective free energy functional method has 
been recently introduced by two of us [Nemirovsky, A. M.; 
Freed, K. F. J.  Phys. A: Math. Gen., in press; Nucl. Phys. B, 
in press] to remedy related problems in critical phenomena. 
We plan to utilize similar methods to study the "dimensionally 
reduced" regime of polymers strongly adsorbed onto surfaces 
and confined in some bounded geometries where L 5 
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ABSTRACT An expression for the partition function of ring polymers is derived for the treatment in which 
bond lengths and bond angles are kept frxed and only dihedral angles are variables. When there are n rotatable 
backbone dihedral angles in a ring polymer, only (n - 6) of them are independent and the values of the remaining 
six angles can be determined as functions of (n - 6) angles chosen as independent variables. The conformational 
energy E is then a function of these ( n  - 6) independent variables. However, the partition function is not 
given as an integral of exp(-bE) over the space of the (n  - 6) variables. In fact this integral depends on the 
choice of (n  - 6) independent variables, while the correct partition function should be independent of the 
choice. The derived expression is independent of the choice of independent variables. 

The theoretical method of conformational energy 
analysis has been applied successfully to m a n y  problems 
of biopolymers, including proteins and peptides.' The 
method has been developed to calculate not only confor- 
mational  energy but also conformational en t ropy  b y  for- 
mulating the method of calculating the partition function.2 
When bond lengths and bond angles are kept fixed and 
only dihedral angles are treated as variables i n  such 
analyses, ring polymers  require special considerations, 

because not all of the backbone dihedral angles are inde- 
pendent. When there are n rotatable backbone dihedral 
angles in a ring polymer, only (n  - 6) of them are inde- 
pendent and the values of the remaining six angles can be 
de termined  as funct ions of the (n - 6) angles chosen as 
independent  variables. The problem of expressing de- 
pendent dihedral  angles as explicit functions of inde- 
pendent dihedral angles was solved p r e v i ~ u s l y . ~  Therefore, 
conformational energy E is then given as a function of the 
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(n - 6) independent variables. However, the exact partition 
function is not given as an integral of exp(-j3E) over the 
space of the chosen (n - 6) independent variables. In fact, 
this integral depends on the choice of the independent 
variables, while the true partition function should not. In 
this paper I will derive an explicit expression of the par- 
tition function of ring polymers which is correct and in- 
dependent of the choice of independent variables. 

Derivation of the  Basic Formula 
The derivation is based on the result obtained in a 

previous papeq2 in which the problem of treatments of the 
degrees of freedom of bond stretching and bond angle 
bending in chain molecules was studied. Here I shall 
summarize the result of this paper very briefly. If we fix 
the bond lengths and bond angles a t  the outset and treat 
them as constraints (the classical rigid model), the partition 
function is given by an integral of (det G)-l12 exp[-PE(Q)] 
over the space of dihedral angles Q in a chain molecule, 
where the elements of the matrix G are the coefficients in 
the quadratic expression (in terms of generalized momenta 
conjugate to Q) for the kinetic energy of the chain molecule 
and E(Q) is the conformational energy of the molecule. If 
we conceptually allow bond lengths and bond angles to 
vary under an infinitely strong potential (the classical 
flexible model) and perform the integration of the Boltz- 
mann factor over the momenta conjugate to the Cartesian 
coordinates, we obtain the partition function in the form 
of an integral of exp[-OE(Q)] over the space of the dihedral 
angles. The origin of the differences between these two 
forms of the partition function was explored and it was 
shown that, while both involve approximations, the latter 
is more accurate than the former. 

Therefore I will derive the correct expression of the 
partition function of ring chain molecules by treating them 
as classical flexible molecules, i.e., by conceptually allowing 
bond lengths and bond angles to vary under an infinitely 
strong potential. Let us consider a ring chain molecule 
consisting of n main-chain atoms whose position vectors 
will be expressed by ri, i = 1, 2, ..., n. The nth atom is 
linked to the first one to close a ring. Thus the confor- 
mational energy E consists of two terms 

E(r1,r2,...,rn) = ~o(r1,r2,...,rn) + El (1) 

El = ( ~ / 2 ) C ( d i  - d d 2  + (e2/2)C(4 - od2 (2) 

The first term, Eo, is the usual conformation-dependent 
term and is eventually a function of dihedral angles wl, w2, 
..., w,, even though it is expressed in eq 1 as a function of 
the position vectors of the backbone atoms at the moment. 
The second term, El, pertains to variation in bond lengths, 
di, and bond angles, ai. We will take el and t2 as very large 
positive quantities, so that deviations of di and Oi from fixed 
"standard" values dio and eiO, respectively, become negli- 
gible. Here definitions of bond length di, bond angle B j ,  
and dihedral angle wi are given in Figure 1. Note that for 
defining d,, dn-l, e,, w,-~, and w,, position vectors rl, 
r2, and r3 are formally read as rnfl, rn+2, and rn+3. Now 
the partition function is given by 

(3) 

Our problem is to reduce this expression to that of in- 
tegration over the space of dihedral angles. We do this 
by changing the variable of integration in two steps. At 
f i t  we change as (rl, r2, ..., r,) - (rl, xl, x2, ..., x,J where 

(4) 
Here xi is a bond vector pointing from the ith to the (i + 

n n 

i=l 1=1 

2 = Sdrl ... dr, exp[-j3E(rl, ..., r,)] 

xi = ri+l - ri (i = 1, 2, ..., n - 1) 
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I 

Figure 1. Definition of bond length di, bond angle Oi, and dihedral 
angle ai. 

1)th atom. The position vector of the first atom, rl, is 
retained to define the overall translational degrees of 
freedom of the molecule. Then the bond vectors are ex- 
pressed in terms of Eulerian angles (@, 8, and *) and the 
internal variables (bond lengths, bond angles, and dihedral 
angles). 

XI = R(@)T(B)dl 

x2 = R(@)T(@)R(*)T(8Jd2 

3, 4, ..., n - 1) ( 5 )  
where 

R(w)  = 0 cos w -sin w (7) t o o )  0 sin w cos w 

e isin e 8 )  
T(0) = sin e COS e (8) 

Equations 5-8 serve also as precise definitions of the 
Eulerian angles and internal variables. The Eulerian an- 
gles define overall orientation of the molecule by defining 
the directions of the first two bond vectors x1 and x2. 
However, six additional internal variables appearing ex- 
plicitly or implicitly in eq 1 and 2, i.e., d,, B,I, on, 0 n - 2 ,  on-1, 
and w,, are not yet defined in the above equations. To 
define them, the ranges of eq 4 and 5 are now extended 
to i = 1, 2, ..., n + 2 and i = 3, 4, ..., n + 2, respectively. 
Note that, in this process of extension of the ranges of 
equations, we introduced three more internal variables, 
d,+l, dn+2, and e,+,, three bond vectors, x,, x,+~, and x,+~, 
and three position vectors, rn+l, rn+2, and r,+3. Corre- 
sponding to the introduction of these new quantities, we 
rewrite eq 3 as follows: 

Z = S d r l  ... dr, drn+l drn+z drn+36(rn+l - 

rMr,+z - rz)6(r,+3 - r3) exp(-@E) (9) 

where 6 is the delta function. This mathematical procedure 
may be interpreted as treating the ring chain molecule as 
if it were a linear chain molecule but with constraints of 
imposing the last three atoms to coincide with the first 
three atoms, respectively (Figure 2). 

Now we carry out the first change of variables of inte- 
gration. Because the Jacobian for this change is unity, we 
have 

2 = S d r ,  dx, ... dxn+2B(?xi)6(x,+1 - 
i = l  

xl)6(x,+z - x2) exp(-PE) (10) 
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dn+l = 40 

Figure 2. Illustradon of eq 9. 

Because the conformational energy E can be expressed in 
terms of only bond vectors, the integration with respect 
to rl can be carried out to produce a constant volume, V, 
of a space in which the molecule is contained. Then we 
carry out the second change of variables of integration for 
which the Jacobian, J ,  was previously shown2 to be 

n+l n+2 

i=l i=l 
J = sin 0 n sin Oi n di2 

The arguments of the 6 functions in eq 10 are now given 
as follows: 

Exi = R(@)T(B)R(\k)a 
n 

i = l  

xn+l - XI = R(@)T(O)R(\k)b 

xn+2 - xg = R(@)T(O)R(\k)c (12) 
where 

n i-1 
a = dl + C nT(Oj)R(wj)di 

i=2 j=l 

b = Udn+l- dl 

c = UT(on+Jdn+2 - T(Ol)d2 (13) 
with 

n 

j=l 
u = n T(Oj)R(Uj) 

To derive these equations we used the following equations: 
R(\k)dl = dl 

(15) 
By using eq 11 and 12, we can now rewrite eq 10 as follows: 

Z = V s  J d@ d 0  d\k ddl ... dd,+2 dO1 ... do,,+, d w l  ..- 
dwnW6(b)6(c) exp(-PE) (16) 

By the direct substitution of eq 12 into eq 10 we have the 
6 functions in the forms of b(R(@)T(O)R(\k)a), etc. How- 
ever, as shown in Appendix A, the matrices R(@)T(O)R(\k) 
can be dropped. Now the conformational energy E can 
be expressed in terms of only internal variables. Therefore 
the integration with respect to the Eulerian angles can be 
carried out to give a factor of 8r2.  After that we carry out 
integration with respect to d,, ..., d,, 01, ..., On by making 
use of the assumption that t1 and cz in eq 2 are very large 
positive quantities. Thus, we obtain 

R(wi-l)di = di (i = 2, ..., n + 1) 

2 = 8?r2V(2?r/p)n(cle2)-n/2irdi02 i= l  sin 0i0Jdn+12dn+22 sin 

o,+i ddn+l ddn+2 d@n+1 dii-... dUnW6(b)6(c) exp(-PEo) 
(17) 

b = O  (18) 
c = o  (19) 

We now note that a set of equations 

is equivalent to a set of following equations: 

where I is the 3 X 3 identity matrix. The last equation 
means that an orthogonal matrix given by eq 14 is in fact 
the identity matrix. 

We now notice that eq 21 and 
a = O  (22) 

are exactly the set of equations used in the previous paper3 
to derive an explicit expression for the values of six de- 
pendent dihedral angles in terms of (n - 6) dihedral angles 
chosen as independent variables. At this point let us de- 
cide that we take the first (n - 6) dihedral angles as in- 
dependent variables and express the last six dihedral an- 
gles as functions of these independent variables. Then six 
equations 

(23) 
are equivalent with eq 21  and 22, where wio are values of 
dihedral angles wi in exactly closing ring structures which 
are expressed as functions of the first (n  - 6) dihedral 
angles. 

As a whole, a set of nine constraints of eq 18, 19, and 
22 are equivalent with another set of nine constraints of 
eq 20 and 23. Therefore we can replace the three d 
functions in eq 17 as follows: 
6(a)6(b)S(c) = 

wi = wio (i = n - 5, n - 4, ..., n) 

n 

i=n-5 
Jo-'J(dn+l- d10)6(dn+2 - d20)6(0n+1- 010). n 6(Ui - Wio) 

(24) 

where Jo is the Jacobian needed, as shown in Appendix 
A, for the change of 6 functions. The explicit form of the 
Jacobian is given as follows: 

Jo = dn+12dn+22 sin On+lJ1 (25) 
J, = 

en-4x(rl-rn.4) en-p(r1-rn-J en.lx(rI-rn.l) 0 1 en-4 en-3 en-2 en-l e, 

(26) 

where ei is a unit vector pointing from atom i to atom (i 
+ 1). Rotation of the dihedral angle wi-l takes place around 
a bond oriented along this direction. This expression is 
derived in Appendix B. By substituting eq 25 into eq 17 
and by carrying out integration with respect to dn+l, dn+2, 
On+,,  w,,-~,  ..., on, we have the following expression: 

2 = const S d w l  ... dwn41J11-' exp(-PEo) (27) 

The const is the same constant factor as in front of the 
integration sign in eq 17. This equation, which is expressed 
as an integral with respect to arbitrarily chosen six variable 
dihedral angles, is invariant with respect to the choice of 
variables of integration because the expression is exactly 
the same with eq 3 in the limit of large values of tl  and 
t2. The latter equation is, of course, independent of the 
choice. The invariance of the integration from the choice 
of the independent variables is assured by the presence 
of the absolute value of the Jacobian in eq 27. The reason 
the abolute value of J1-' appears in eq 27 is given below. 

A set of values of w , - ~ , ~ ,  ..., uno is a solution of eq 21 and 
22 for a given set of values of independent variables. wl, 
..., wn4. Solutions of eq 21  and 22 define an (n  - 6)-di- 
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I = S d x ,  ... dxl dyl ... dym6(fl) ... 6( f JF(x , y )  (A2) 

In order to carry out this integral, we change the variables 
of integration from x to f = (fl, ..., ti), the Jacobian for 
which is given by 

ax,Iaf, ... ax,/afi 

J ( x ; f )  = det (ax;;at, ... 
(A31 

Corresponding to this change of variables of integration, 
we define a real function G(f,y) by 

G(f,y) = &,Y) (A4) 
Now the integral is given by 

I = l d f l  ... dfi dy1 ... dy,b(fJ ... 6(fJJ(x;f)G(f,y) = 

Jdy1 * e *  dymJ(x;f)GCf,y)If=o (AS) 

The last equation indicates how the integral is given in 
terms of the chosen independent variables. 

Let us then consider another set of equations 
gi(x;y) = 0 (i = 1, 2, ..., 1) (A6) 

that defines the same supersurface as eq A1 does. This 
means that eq A1 and A6 are equivalent to each other. In 
terms of the functions in eq A6, the integral is given by 

I = I d y l  ... dy,J(x;g)G(f,y)If=o (A71 

By comparing eq A5 and A7, we see that we can express 
the integral as follows: 

I = S d y 1  dymJ(x;g)J(g;f)G(f,y)lf=o = 

Jdxl dxl dy1 *.. dymJ(g;f)6(gJ a(gl)F(x,y) (A8) 

This equation means that we must include the Jacobian 
for a change of functions that define the supersurface. 
This fact is used to derive eq 16 and 24. For deriving eq 
16, we also used the fact that the determinant of an or- 
thogonal matrix, which is the Jacobian involved, is unity. 

B. Here we will derive eq 24. Two column vectors 

Figure 3. Simple illustrative example to explain the appearance 
of the absolute value of J1-' in eq 26. The integral in eq A26 is 
to  be carried out along the closed curve in this figure. 

mensional supersurface in the n-dimensional space of wl, 
..., w,. The supersurface encloses one or more continuous 
regions of the n-dimensional space in which the sign of the 
product of components of vectors a, b, and c, or identically 
the sign of product of (wi - mio) for i = n - 5, ..., n, is always 
negative. There is, in general, an even number of solutions 
of eq 21  and 22 for a given set of values of independent 
variables. The number of solutions depends on the values 
of independent variables. Sets of independent variables 
a t  which the number of solutions is constant form con- 
tinuous domains in the space of the independent variables. 
On the boundary between such domains a pair of solutions 
merge into one, so that the number of solutions becomes, 
in general, odd. Very near the boundary just before a pair 
of solutions merge into one, the values of a, which are 
treated as dependent variables, vary very much for small 
changes of the values of independent variables. This 
makes J1 vanish on the boundary. The sign of J1 is dif- 
ferent on a pair of solutions which merge into one on the 
boundary. When J1 is negative, integration of eq 17 with 
respect to and, ..., w, is to be carried out along the direction 
in which the sign of the products mentioned above changes 
from positive to negative. When J1 is positive, the di- 
rection is opposite. Because of this direction of integra- 
tion, the absolute value of J1-' appears in eq 27. Because 
what is mentioned in this paragraph is a bit abstract, an 
illustrative simpler example is given in Appendix C to 
explain the situations occurring here. 

Conclusion 
We derived a basic formula of eq 27 with eq 26 for the 

expression of the conformational partition function of ring 
molecules. In eq 27, wl, ..., w,-6 are rotatable backbone 
dihedral angles that are chosen as independent variables. 
Values of six other rotatable backbone dihedral angles w,+, 
..., w, are determined from the condition of exact ring 
closure as functions of the independent variables. The 
conformational energy Eo in eq 27 is expressed as a 
function of these independent variables. Arbitrariness of 
the choice of independent variables is compensated by the 
appearance of the factor lJ1l-l in the integrand, which 
assures the independence of the calculated value of the 
partition function of the choice of independent variables. 
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Appendix 
A. Here we prove a theorem on the use of the 6 func- 

tions. We consider a real function F(x,y)  in an (1 + m)- 
dimensional space of x = (xl, ..., x l )  and y = (yl, ..., ym). 
We want to calculate an integral of this function over 
m-dimensional supersurface defined by 

fj(x;Y) = 0 (i = 1, 2, ..., 2 )  (AI) 

will be used in the derivation. 
The Jacobian J1 is given as a determinant of a 9 X 9 

matrix, whose elements are derivatives of three vectors a, 
b, and c with respect to d,+l, dn+2, On+,, w,+ ..., w,. Because 
of the presence of the 6 functions in eq 24, values of these 
derivatives are to be evaluated at a point at which eq 21 
holds. Such values are given in the following. Those with 
respect to the first three variables vanish except for the 
following: 

db/ad,+l = i 

ac/dd,+2 = cos O n + l i  + sin 8,+lj ( A l l )  

dc/dO,+l = d,+2(-sin 8n+li + COS 8n+lj) (A121 
These equations can be obtained easily from eq 6,8, and 
13. The derivatives with respect to wi are given as follows: 

( A 1 3  

ab/awj = dn+lfi+l x i (A141 

&/doi  = d,+zfj+l x (COS 6,+1i + sin 6,+1j) (A15) 

where si and fi are the position vector of atom i and the 

aa/awi = fi+l x (sl - 

The integral, I ,  is defined by 
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We can derive eq A14 and A15 easily from the following 
equation and eq 13: 

aU/aui = TIRl ... TiRiR;lRi'Ti+l ... Rn 
= TlRl ... RiL,Ri-l ... Rl-lTl-lU 
= ( (TIRl  ... Rii).L}U 
= (fi+l.L)U (A251 

C. Here we will give a simple illustrative example to 
explain the appearance of the absolute value of J1-' in eq 
27. 

Let us consider the following integral of a real function 
F(x,y) along a closed curve shown in Figure 3 by a solid 
line: 

I = dyS(f(x,y))F(x,y) (A261 

The closed curve is defined by 
f(x,y) = 0 (A27) 

The value f(x,y) is assumed to be negative inside the closed 
curve. By the solution of eq A27, y can be expressed as 
a function of x .  There are two solutions for eq A27 for 
values of x in the range between a and b and between c 
and d. For values in the range between b and c, there are 
four solutions. The integration of eq A26 is to be carried 
out on the curve of eq A27 in the direction along which 
both variables x and y increase. Note that, when inte- 
gration with respect to variable y is carried out in this 
direction, the value off changes from positive to negative 
on AD and BC sections of the closed curve. On AC and 
BD sections it changes from negative to positive. 

By chaning the variable of integration, we can express 
the integral as follows: 

I = I d "  df(af/ay)-lWW(x,fl (AB)  

G(x,f) = F(X,Y) (A29) 
The derivative aflay is negative on AD and BC sections 
of the closed curve. On AC and BD sections it is positive. 
Because of the abovementioned direction of integration 
in variable y, integration with respect to f near a point 
where f = 0 must be carried out in a direction along which 
f changes from positive to negative on AD and BC sections 
of the closed curve. On AC and BD sections, the direction 
must be opposite. By carrying out integration with respect 
to f in this way, we have 

I = l d x  laf/dyl-lG(x,flIf=o (A301 

where the absolute value appears in the integrand. In a 
very similar situation the absolute value of J1-' appears 
in eq 27. 
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unit vector pointing from atom i to atom (i + l), both 
viewed in the local coordinate system located on the first 
atom, so that 

e, = R(@)T(B)R(\k)f, 
rl = R(@)T(B)R(\k)s, (A16) 

Derivation of eq A13, A14, and A15 will be given below. 
By substituting these expressions into a 9 X 9 determinant 
expression of Jo and by carrying out some calculations, we 
can derive expressions of eq 25 and 26 but with f, and s, 
appearing in place of e, and r,, respectively. However, the 
latter can be replaced by the former, because this re- 
placement involves only a rotation and does not affect the 
value of the determinant. 

Now we will derive eq A13, A14, and A15. For this 
purpose we need some preparation of algebra. We will 
make use of the following three generating matrices of 
rotation: 

L, =: 6 0" -:) L,= (: : A) L, = [ -: !) (A17) 

These matrices generate rotation matrices. For example 
R(u)  = exp(wL,) ( A W  

We sometimes regard these three matrices as components 
of a three-dimensional vector L. For example, a 3 X 3 
matrix q,L, + qAY + qnL,, where the coefficients are 
components of a usual three-dimensional vector q, will be 
designated as q L .  Now we quote three equaions valid for 
any 3 X 3 orthogonal (i.e., rotation) matrix S and for any 
three-dimensional vectors x and y. 

S(x x y) = s x  x s y  (A19) 

( q L ) x  = q x x (A201 

S(qL)S-' = (Sq).L (A21) 
Validity of eq A19 is obvious. We can check eq A20 by 
explicit use of eq A17. We can prove eq A21 by observing 
that the following equation holds for an arbitrary vector 

\o 1 0 -1 0 0 

X: 

S(qL)S-lx = S(q x (S-lx)} = (Sq) x x = ((Sq).L}x 
(-422) 

In the first and third equalities we used eq A20. In the 
second equality we used eq A19. 

Now eq A13 can be derived as follows: 
aa/aw, = TIRl ... T,R,I' ,-lR,'d,+l,n 

= TIRl ... T,R,(i X d,+l,,) 
= f,+l x (91 - %+1) (A23  

where R,' is the derivative of R, with respect to u, and 

= TIRI T&Lxdi+l,n 

n k-1 
di+l,n = dt+1 + C n T(ej)R(uj)dk (A241 

k=1+2 j=c+1 


